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Learning on Graphs

— Bioinformatics, Cheminformatics, WWW link,
Social networks

Study relationships between structured
objects (graphs)

Graph Comparison Problem
G G’

O
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Graph Kernels

* Define kernels on pair of graphs
K(G, G) = <P(G), P(G')>
K(G, G’) — measure of similarity between G and G’

 Kernel Matrix K, where K; = k(G;, G;) for 1 =1,j<n

— Properties of K
.  Symmetric
Il. Positive semi-definite
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Graph Kernel Example

T::O?

P(G) = (#H(T), #(L))

z

®(Gy) = (1, 3) P(Gy) = (0, 5)

K(G1, Gy) = <P(G,), P(G,)> =15

L =
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Graph Kernels Research Efforts

Kondor & Lafferty (2002)

Graph
Kernels

Reviewed on
Vishwanathan et. al. (2010)

Random Walk Rational Marginalized Graphlet Other Graph Algebraic
Kernels Kernels! Kernels Kernels Kernels Kernels
Gaértner et. al. (2003) Cortes et. al. Tsuda et. al. (2002) Borgwardt et. al. (2007) Kondor & Borgwardt (2008)
Borgwardt et. al. (2005) (2002,2003, 2004) Kashima et. al. (2003,2004) Shervashidze et. al. (2009)
Vishwanathan et. al. (2006) Mahé et. al. (2004) Vacic et. al. (2010)

Ramon and Gértner (2003)
Horvéth et. al. (2004)
Ralaivola et. al. (2005)
Frohlich et. al. (2005)
Menchetti et. al. (2005)

Borgwardt et. al. (2005)
Mahé and Vert (2008)
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Question: How to scale up graph kernels to
large, labeled graphs?

Scalability
I Goal

. Power
Node—Edge—+Path— Substructure

Image taken from “A Linear-time Graph Kernel” talk by Shohei Hido, IEEE ICDM2009, Miami, Florida, 12/09/2009
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Graph Kernels on (Large) Labeled Graphs

G=(V,E f),|V|=n,|E| =

\/'\_F__;: 1 5 B
"ﬂ_ ] '/r‘ N |
AN AN

r’:‘\“\ f’/f Vv __\/A\ (W)Y s

xJa;kaJ\xakakx&JLx ) z'x_x\_/xbx"\z x,x’“x_f\_fk_,f\_f‘m_f

f.V-2={AARNDCEQGHILLKMFKPSTWTY,V}

or

f.v-2={1,23,4,5,6,7,8,9, 10,11, 12, 13, 14, 15, 16, 19, 20}
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Weisfeiler-Lehman Graphlet Kernel
Shervashidze et. al. (2010)

* Weisfeiler-Lehman test of isomorphism (1968)

Algorithm: Perform the following three steps / times:

1. Sorting: Represent each node v as a sorted list L, of
its neighbours (O(m))

2. Compression: Compress this list into a hash va-
lue h(L,) (O(m))

3. Relabeling: Relabel v with /i(L,) as its new node label
(O(n))

« Define Weisfeiler-Lehman graph kernels:
o kWL(G" G’)1 kWLsubtree(G" G,) and kWLshortestpath(G’ G’)
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: 1st iteration
Given labeled graphs G and G’ : L :
ap Result of steps 1 and 2: mulfiset-label determination and sorting

a
1st 1teration 1st 1teration

Result of step 3: label compression Result of step 4: relabeling
14 — 6 3285 ——
23 —— 41135 —— 11
235 — 8 41235 — 12
245 — 9 5234 —— 13
c

Observed that compressed labels li(v) correspond to subtree
patterns of height i rooted at v
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Exam p | = KM (GG = k(Go. G) + k(G1. GY) + ... + k(G GY).

1st 1teration

Given labeled graphs G and G Result of steps 1 and 2: multiset-label determination and sorting
A A R e
@) ® ® 3 @113 324> @123 3,245
OO v @, C1a> 45 C1A> 23>
\ G G o G G
Lst iteration 1st 1teration
Result of step 3: label compression Result of step 4: relabeling
14 — 6 3285 ——
23 —— 41135 —— N
235 —— 8 41235 —— 12
245 — 9 5234 —— 13
C
cD((';O) - (2’ 17 1’ 1’ 1) cD((-;]_) — (21 01 11 01 11 11 01 1)
P(Gy)=(1,21,1,1) ®(G;,)=(1,1,0,1,1,0,1,1)

k(Go, Go) = < D(Gy) , D(Gy)> =7 k(G Gy) =< PGy, D(Gy)>=4
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(h) . (B S .
EX am p I e kl—iﬁLsubtv'ee((‘ f) — {@‘iff;'.]ﬂ-Str,bt-f'ee(( :l P L.subt.'te{(‘yf}}

) . 1st iteration
Given labeled graphs G and G Fesult of steps 1 and 2: multiset-label determination and sorting

235> 245 5,234

2

3,245> (&,123 3,245

N\
o Q> A [ Ga> D

WA \._JG:

1st tteration
Fesult of step 4: relabeling

1st iteration
Eesult of step 3: label compression

14 — 6 3245 ——

23 —— 41135 —— 1N
235 — > 8 471235 —— 12
245 — - 9 5234 — - 13
[

End of the 1st iteration
Feature vector representations of G and G°

;a:;; L (@=2111120101101

{G‘J—ﬂ 2,1.1, 1 1 :0,1,1,01, 1)
|

F,’_,.ab
Counts of Counts of
original compressed
node labels node labels
KD (G.G)=< (G, g (G)>=11
Wlsubiree ;D'rr ubrres rubmree - -

e
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Neighborhood Hash Graphlet Kernel
Hido and Kashima (2009)

Bit-represented node label

Logical operations

Neighborhood hash over nodes

Define neighborhood hash graph kernel, k\,(G, G’)

Linear time complexity with # of edges
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Bit-represented Node Label

Original graph Replaced with 4-bit labels

g #1000

Image taken from “A Linear-time Graph Kernel” talk by Shohei Hido, IEEE ICDM2009, Miami, Florida, 12/09/2009

#1110

#1100
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Logical Operations on Bit Labels

* XOR (s;, s))
— Exclusive OR
— Order-independent

. ROTk
— k-bit rotation

— move left most k-bits to
the right

Table 1
PROPERTY OF BITWISE XOR

(a) 50 8 = 8iero
(b) S Srero = 8
(c) schs =5 ds
(dy (sgs')gs" =sd(s" ds")
(e) s b hes=g
Table 11

EXAMPLES OF XOR AND ROT

(a) #0101 4 #1000 = #1101
(by #1101 4 #1100 = 0001
(C) ROT, (#0001) = #0010
(d) ROT2(#0110) = #1001
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Neighborhood Hash over a Node, NH(v)

NH(v) = ROT;(£(v)) & (F(§¥) & o b (02%).
#1110 #1110
@
A = #1000 #1100 #1100

B=#1110

@ NH:#0011

C =#1100 ' (1)Neighbors (3)XOR | | | (5)Hash label
(2)XOR | | (4)Self node
(a) (b)

#0010 (» #0001 = #0011

A

.
>

NH(Vv) uniquely represents the distribution of the node labels around v
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Neighborhood Hash over a Graph, NH(G)

1st-Hash graph ith-Hash graph

G,= NH(G,) grap grap
G, G, G,
#1000 #0100 #0100

#1101 3 #0001
_ MO0

#1100

G,,, contains high-order relationships between the nodes with order r

Image taken from “A Linear-time Graph Kernel” talk by Shohei Hido, IEEE ICDM2009, Miami, Florida, 12/09/2009
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Neighborhood Hash Graph Kernel
KOG, Gi)

= Matching coefficient
1.Sort hash values
2.Count common labels

3.Compute coeeficient
C

n,+n,-c6
(n,, N, : #node of each graphs)
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Example

Original graph ) (™) ) (®
= fl/
D) C
@) #1000 ® #1000
#0101 #0101
Bit labels ® © D) (D
® © #1100 ®©C #0101
D #0101 | © #1100
QA #0100 @
1-Hash graph ,r #M101 | o o #1101
_ grap LG) ® #1100 G) KG)
(one time hash) _
(D #0001 - @

Image taken from “A Linear-time Graph Kernel” talk by Shohei Hido, IEEE ICDM2009, Miami, Florida, 12/09/2009
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Thank You!

QUESTIONS?
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1.0
TABLE 2. FORECASTS FROM TABLE 1
SORTED BY DECREASING ELVIS-ED (SEE

APPENDIX ) FORECAST PROBABILITY

Event (1)/ Probability 0.8
Year non-event (0) (%)
1994 1 98.4
1995 1 95.2
1984 1 04.4 0.6
1981 0 92.8 @ | A® oo e oo
1985 1 83.2 S
1986 1 81.6 oc
1988 1 58.4 b
1982 0 57.6 LT e ]
1991 0 28.0 0.4
1987 0 13.6
1989 1 3.2
1992 0 24
1990 0 1.6
1983 0 0.8
1993 0 0.0 0.2

O.U I ] I T T 1 I I J I I

0.0 02 04 08 0.8 1.0
False-Alarm Rate
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